Abstract We present the derivation of the Yang-Mills gauge theory based on the covariant Hamiltonian representation of Noether's theorem. As the starting point, we re-formulate our previous presentation of the canonical Hamiltonian derivation of Noether's theorem [1] . The formalism is then applied to derive the Yang-Mills gauge theory. The Noether currents of U(1) and SU(N) gauge theories are derived from the respective infinitesimal generating functions of the pertinent symmetry transformations which maintain the form of the Hamiltonian.
formalism: for all theories derived from action principles only those transformations are allowed which maintain the form of said action principle. Yet, the group of transformations which leave the action functional form-invariant coincides with the group of canonical transformations. The latter may be consistently formulated in covariant Hamiltonian field theory [4] . As a result, for any conserved current of a Hamiltonian system, the pertaining symmetry transformation is simply given by the canonical transformation rules. Conversely, any symmetry transformation which maintains the form of the Hamiltonian yields a conserved current if said transformation is formulated as an infinitesimal canonical transformation. Since this holds for any conserved current, we thereby obtain the covariant Hamiltonian representation of Noether's theorem.
Lagrangian description of the dynamics of fields
The realm of classical continuum physics deals with the dynamics of a system of N ≥ 1 fields φ I (x) which are functions of space (x 1 , x 2 , x 3 ) and time t ≡ x 0 /c as the independent variables, x ≡ (x 0 , x 1 , x 2 , x 3 ) (see, e.g. Greiner, Class. Electrodyn. [5] ). Depending on the context of our description, an indexed quantity may denote as well the complete collection of the respective quantities. In the first-order Lagrangian description, the state of the system is completely described by the actual fields φ I (x) and their 4N partial derivatives ∂ µ φ I (x), µ = 0, . . . , 3; I = 1, . . . , N. We assume the dynamical system to be described by a first-order Lagrangian density L which may explicitly depend on the independent variables, L (φ I , ∂ φ I , x) .
Herein, ∂ φ I denotes the complete set of partial derivatives of φ I (x). The Lagrangian density L thus constitutes a functional as it maps N functions φ I (x) and their 4N partial derivatives into R. The space-time evolution of a dynamical system follows from the principle of least action: the variation δ S of the action functional,
vanishes for the space-time evolution which is actually realized by nature. From the calculus of variations [3] , one finds that δ S = 0 holds exactly if the fields φ I and their partial derivatives satisfy the Euler-Lagrange field equations
3 Covariant Hamiltonian description of the dynamics of fields in the DeDonder-Weyl formalism
In order to derive the equivalent covariant Hamiltonian description of continuum dynamics, we follow the classic approach of T. De Donder and H. Weyl [6, 7] in tensor language: define for each field φ I (x) a 4-vector of conjugate momentum fields π α I (x). Their components are given by
For each scalar field φ I , the 4-vectors π I are thus induced by the Lagrangian L as the dual counterparts of the 4-covectors (1-forms) ∂ φ I . For the entire set of N scalar fields φ I (x), this establishes a set of N conjugate 4-vector fields. With this definition of the 4-vectors of canonical momenta π I (x), we now define the Hamiltonian density H (φ I , π I , x) as the covariant Legendre transform of the Lagrangian density
where summation over the pairs of upper and lower indices is understood. At this point suppose that L is regular, hence that for each index "I" the Hesse matrices
are non-singular. This ensures that H takes over the complete information about the given dynamical system from L by means of the Legendre transformation. The definition of H by Eq. (5) is referred to in literature as the "De Donder-Weyl" Hamiltonian density [6, 7] . Obviously, the dependencies of H and L on the φ I and the x µ only differ by a sign,
In order to derive the canonical field equations, we calculate from Eq. (5) the partial derivative of H with respect to π
In conjunction with the Euler-Lagrange equation (3), we obtain the set of covariant canonical field equations,
These pairs of first-order partial differential equations are equivalent to the set of second-order differential equations of Eq. (3). Provided the Lagrangian density L is a Lorentz scalar, the dynamics of the fields is invariant with respect to Lorentz transformations. The covariant Legendre transformation (5) passes this property to the Hamiltonian density H . It thus ensures a priori the relativistic invariance of the fields which emerge as integrals of the canonical field equations if L -and hence H -represents a Lorentz scalar. From the right hand side of the second canonical field equation (6), we observe that the dependence of the Hamiltonian density H on φ I only determines the divergence of the conjugate vector field π I . The canonical momentum vectors π I are thus determined by the Hamiltonian only up to a zero-divergence vector fields η I (x)
This fact provides a gauge freedom for the canonical momentum fields.
Canonical transformations in the realm of field dynamics
Similar to the canonical formalism of point mechanics, we call a transformation of the fields (φ I , π I ) → (Φ I , Π I ) canonical if the form of the variational principle which is based on the action functional (2) is maintained,
For the requirement (8) to be satisfied, the integrands may differ at most by the divergence of a 4-vector field F µ 1 , µ = 0, . . . , 3 whose variation vanishes on the boundary ∂ R of the integration region R within space-time
The obvious consequence of the form invariance of the variational principle is the form invariance of the covariant canonical field equations (6) . For the integrands of Eq. (8), which are actually the Lagrangian densities L and L ′ , we thus obtain the condition
With the definition F
, we restrict ourselves to a function of exactly those arguments which now enter into transformation rules for the transition from the original to the new fields. The divergence of F µ 1 reads, explicitly,
The rightmost term denotes the sum over the explicit dependencies of the generating function F µ 1 on the x µ . Comparing the coefficients of Eqs. (9) and (10), we find the local coordinate representation of the field transformation rules which are induced by the generating function F
In contrast to the transformation rule for the Lagrangian density L of Eq. (9), the rule for the Hamiltonian density is determined by the explicit dependence of the generating function F µ 1 on the x µ . Hence, if a generating function does not explicitly depend on the independent variables, x µ , then the value of the Hamiltonian density is not changed under the particular canonical transformation emerging thereof.
The generating function of a canonical transformation can alternatively be expressed in terms of a function of the original fields φ I and of the new conjugate fields Π µ I . To derive the pertaining transformation rules, we perform the covariant Legendre transformation
We thus encounter the set of transformation rules
which is equivalent to the set of rules (11) 
Noether's theorem in the Hamiltonian description of field dynamics
Canonical transformations are defined as the particular subset of general transformations of the fields φ I and their conjugate momentum vector fields π I which preserve the form of the action functional (8) . Such a transformation depicts a symmetry transformation which is associated with a conserved four-current vector, hence with a vector with vanishing space-time divergence. In the following, we work out the correlation of this conserved current by means of an infinitesimal canonical transfor-mation of the field variables. The generating function F µ 2 of an infinitesimal transformation differs from that of an identical transformation by an infinitesimal parameter ε = 0 times an-as yet arbitrary-function j µ (φ I , π I , x):
The subsequent transformation rules follow to first order in ε from the general rules (13) as
As the transformation does not change the independent variables, x µ , both the original as well as the transformed fields refer to the same space-time event x µ , hence δ x µ = 0. With the transformation rules (15), the divergence of the four-vector of characteristic functions j µ is given by
The canonical field equations (6) apply along the system's space-time evolution. The derivatives of the fields with respect to the independent variables may be then replaced accordingly to yield
On the other hand, the variation δ H of the Hamiltonian due to the variations δ φ I and δ π I of the canonical fields is given by
If and only if the infinitesimal transformation rule δ H | CT for the Hamiltonian from Eqs. (15) coincides with the variation δ H from Eq. (16), then the set of infinitesimal transformation rules is consistent and actually does define a canonical transformation. We thus have
Thus, the divergence of j µ (x) must vanish in order for the transformation (15) 
6 Example 1: U(1) gauge theory
Finite symmetry transformation
As an example, we consider the covariant Hamiltonian density H KGM of a complex Klein-Gordon φ field that couples to an electromagnetic 4-vector potential a µ
Herein, the (2,0)-tensor field p αβ denotes the conjugate momentum field of a α . We now define for this Hamiltonian density a local symmetry transformation by means of the generating function
In this context, the notation "local" refers to the fact that the generating function (19) depends explicitly on x via Λ = Λ (x). The general transformation rules (13) applied to the actual generating function yield for the fields
and for the Hamiltonian from the explicit x µ -dependency of F µ 2
In the transformation rule for the Hamiltonian density, the term P αβ ∂ 2 Λ /∂ x α ∂ x β vanishes as the momentum tensor P αβ is skew-symmetric. The transformed Hamiltonian density H ′ KGM is now obtained by inserting the transformation rules into the Hamiltonian density H KGM
We observe that the Hamiltonian density (18) is form-invariant under the local canonical transformation generated by F µ 2 from Eq. (19) -which thus defines a symmetry transformation of the given dynamical system.
Field equations from Noether's theorem
In order to derive the conserved Noether current which is associated with the symmetry transformation (20), we first set up the generating function of the infinitesimal canonical transformation corresponding to (19) by letting Λ → εΛ and expanding the exponential function up to the linear term in ε
According to Noether's theorem (17), the expression in brackets represents the conserved Noether current j µ (x)
As the system's symmetry transformation (20) holds for arbitrary differentiable functions Λ = Λ (x), the Noether current (22) must be conserved for all Λ (x). The divergence of j µ (x) is given by
With Λ (x) an arbitrary function of space-time, the divergence of j µ (x) vanishes if and only if the three terms associated with Λ (x) and its derivatives in Eq. (23) separately vanish. This means in particular that the first component j µ 1 of the Noether current
∂ x α = 0 is separately conserved, whereas the second in conjunction with the third term,
depicts the inhomogeneous Maxwell equation which satisfies the consistency requirement
In the actual case, the Noether current j µ from Eq. (22) does not depend on the gauge field a µ . As a consequence the correlation of a µ to its momentum field p µν does not follow from Noether's theorem. This does not apply for the SU(N) gauge theory, to be sketched in the following.
Example 2: SU(N) gauge theory

Finite symmetry transformation
Similarly to the U(1) case of Eq. (18), the Yang-Mills Hamiltonian H YM with p 
It entails the canonical transformation rules for the complex fields and their conjugates
and the following rules for the gauge fields and their conjugates
The transformation rule for the Hamiltonian is obtained from the explicit x µ -dependency of the generating function (25)
Expressing all u IJ -dependent terms in this equation in terms of the fields and their conjugates according to the above canonical transformation rules (26) and (27) finally yields [1]
Again, we made use of the fact that the momentum fields p αβ JK are skew-symmetric in α, β . The transformed Hamiltonian now follows with P
which has the same form as the original one, H YM . Thus, the generating function (25) defines a local symmetry transformation of the Yang-Mills Hamiltonian.
Field equations from Noether's theorem
In order to derive the conserved Noether current which is associated with the symmetry transformation given by Eqs. (26) and (27), we again set up the generating function of the corresponding infinitesimal transformation by letting
For the local transformation, u IJ denotes an N × N matrix of arbitrary space-time dependent and now real coefficients. The generating function (25) is then transposed into the generating function of the corresponding infinitesimal canonical transformation
Omitting the quadratic terms in ε, the generating function of the sought-for infinitesimal canonical transformation is obtained as
with the Noether current of the SU(N) gauge theory
As this defines the corresponding infinitesimal symmetry transformation of the Hamiltonian, j µ from Eq. (29) must represent a conserved current according to Noether's theorem, hence ∂ j β /∂ x β = 0 for all differentiable functions u KJ = u KJ (x). Calculating its divergence and ordering the terms according to zeroth, first and second derivatives of the u KJ (x) yields 1 iq With u KJ (x) arbitrary functions of space-time, the divergence of j µ (x) vanishes if and only if the three terms associated with the u KJ (x) and their derivatives vanish separately. This means in particular that the term proportional to u KJ of the Noether
Conclusions and outlook
Our presentation shows that the field equations usually obtained by setting up the canonical field equations of the locally form-invariant Hamiltonian can be obtained directly from Noether's theorem on the basis of the system's local symmetry transformation. Given a theory's field equations, the pertaining Hamiltonian is not uniquely fixed. In a recent paper, Koenigstein et al. [8] have worked out an alternative approach to the U(1) gauge theory, yielding an equivalent form-invariant Hamiltonian and the pertaining symmetry transformation. The actual representation of the Hamiltonian Noether theorem has also found a theoretically fruitful generalization. Treating the space-time geometry as an additional dynamical quantity, the Noether approach yields a fully consistent formalism based on the requirement a form-invariance of the given system under local spacetime transformations. Noether's theorem then yields the pertaining field equations which describe in addition the dynamics of the space-time geometry [9] . In order to include the coupling of spin and a torsion of space-time, the formalism can be further generalized in the tetrad formalism [10] .
